ABSTRACT: Damage behavior of a symmetric composite laminate without an initial imperfection or macro-crack is analyzed based on a three-dimensional lamination theory under multi-axial loading. The global response of the laminate during the damaging process is determined from the individual response of its constituent plies and their mutual relations. Some specific results are presented to illustrate the damage characteristics of several typical composite laminates when they are subjected to proportional loading. The application of the method to characterize damage initiation and growth in more complex structures is also discussed.
INTRODUCTION
T IS WELL recognized that in realistic engineering situations, the observable macroscopic failure behavior of composite materials is generally attributed to the result of the initiation and growth of material imperfections or micro-defects. These defects often induce degradation in several global material properties of composite laminate. As the micro-failure events which reduce the strength and stiffness and determine the life of composite laminates, commonly referred to as damage, are complex and intricately related to a variety of fracture modes under different circumstances, any attempt to model exactly the fine details of them is often impractical, if not impossible to achieve [1] . However, as internal damage in laminates is noncatastrophic, it is reasonable to consider the locally averaged effect of the damage on the response of the material, which can be accomplished by an equivalent continuous and homogeneous material [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Schapery proposed an energy approach to model deformation and fracture of elastic, nonlinear composite materials [2, 3] based on the experimental observations that the stresses and mechanical work are practically independent of deformation history for certain loading paths. The [14] , self-consistent scheme [15, 16] , strain energy approach [17] and complimentary strain energy method [18] [19] [20] Recently, the authors have introduced a damage model characterizing nonlinearity of fiber-reinforced composite lamina with damage consideration and associated variation of material properties [21] based on their earlier model for brittle materials [22] . The present study is intended to develop a full threedimensional lamination theory by extending the damage model limited to unidirectional lamina [21] . It may be expected that after a layer in an n th ply laminate begins to experience a damage process in which the damaged lamina behaves nonlinearly while the others remain elastic, the stresses in each ply will redistribute in order to satisfy the equilibrium condition. Henceforth, the overall laminate will have a new series of stress-strain relations instead of those without damage, which depend upon the orientations of constituent laminae and their mutual constraints. Under certain specific loading situations, the response of damaged composite laminate will be illustrated.
FORMULATION
For ease of illustration, the contracted notation ~ I is used and summation convention is adopted. Moreover, from the discussions in Reference [21] , it is convenient to express the formulation in terms of total stress and strain and the concepts of deviator stress and strain are not introduced since the hydrostatic stress will also contribute to damaging pro- The comparison between Equation (6) and Equation (7) with Equations (10) and (13) (17) and thus the C,,(D) change when Qo exceeds its proceding maximum value. From the preceding discussions, it is apparent that the Equations (2), (4) , (16) , and (17) are capable of describing the damage behavior of brittle composite ply, provided that the material coefficients in Equations (10) and (15) Figure 1 . All the plies in the laminate have the same physical properties. In Figure 1 , t is the total thickness of the laminate, t,&dquo; and 0-(m = 1,2,...,n) are the thickness and Figure 1 In the laminate coordinate system, Equation (23) becomes system.
From the geometry relation between the material principal system and the laminate coordinate system, as shown in Figure 1, It can be seen that the overall response of a laminate during a damaging process must be established in conjunction with the solutions based on a series of Equations (29)-(32) describing the damage behavior of each constituent layer and of the laminate itself at each loading step. Obviously, to solve these equations explicitly is difficult and numerical methods may have to be exploited to solve them because of the nonlinear properties of the evolution law of damage and of the stress-strain relations.
EXAMPLES
In order to illustrate the application of the proposed method of analysis, the damage response of laminate composite plates under different loading conditions will next be discussed.
First, a group of unidirectional laminates of different orientations is tested in simple tension in order to measure their damage characteristics. The specimens are manufactured from panels made of T300 graphite fiber in 648 epoxy matrix. The fiber volume fraction of the lamina is about 65 percent. As the composite lamina is approximated to be transversely isotropic, the material coefficients in Equation (15) are evaluated as [21] and the properties of initial undamaged lamina are
The non-vanishing R,, values for each lamina that are required for the damage analysis are R22, ~23, ~33, R44, R55 and R~~. These values can be experimentally determined using a similar method described in Reference [22] . Briefly, the condition under which R22 = R33 = 1 is satisfied is to load an unidirectional composite lamina perpendicular to the fiber direction. The other three values of R44, R55 and R66 are next evaluated by experimentally establishing the relationship between the R,j and 0 angles for which unidirectional composite lamina of three angles, namely 22.5, 45 and 67.5 degrees are loaded in x-direction (see Figure 1) . As to the remaining coefficient of R23, the transversely isotropic property commonly assumed for composite lamina readily establishes the relationship, which enables the determination of R23 from Equation (16) . The R,j values obtained are: Figure 2 shows the relation between the measured damage D and the equivalent stress Qo which may be considered as being equivalent to the evolution law of damage as described in Equation (17) .
In the prediction of the overall stress for the angled composite laminates of [± 15hs, [::i: 30hs and [ t45]ZS subjected to a uniaxial tensile strain, an iterative method is adopted. This is because the stress at mth ply is dependent upon the stiffness 5'.~ shown in Equation (25) which itself requires a priori knowledge of the unknown applied stress described in Equation (16) . No divergence has been experienced for the computed stiffnesses and stresses at each ply. The calculated stiffness for each ply can then be used to assess the overall stiffness of a laminate based on the two-dimensional form of Equation (30) which in turn is used to determine the overall stress at a prescribed strain using Equation (29 Figure 6 . It can be observed from the figure that during loading, after the 90°l ayer degrades, the line initially straight becomes nonlinear, even though the 0°l amina contains no damage. This may be attributed to stress redistribution between the layers due to the damage of 90° ply.
In order to illustrate the viability of the three-dimensional formulation described in the preceding section, a cross-ply laminate [0/90°]s was subjected to the multi-axial loading of Ex = E,, _ -2E= = E. A finite element analysis taking into account the constitutive equations of damage is used to predict the stresses 241 and strains in each constituent ply. A 20-node parametric element was adopted to calculate the initial stresses and strains with the stiffness equations shown in Equation (30 
